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We discuss the evolution of gravitational waves in a brane-world cosmology embedded in five-
dimensional anti-de Sitter spacetime. We show that during slow-roll inflation, modelled as a period
of quasi-de Sitter expansion on the brane, there is a discrete normalizable massless graviton mode.
There is a mass gap due to the expansion, above which there is a continuum of massive modes.
Only the massless mode is ‘light’ compared with the Hubble scale during inflation, leading to the
production of classical perturbations on large scales from vacuum fluctuations on small scales. We
calculate the amplitude of these fluctuations at horizon-crossing and show that the standard four-
dimensional result is recovered at low energies, but the amplitude of the perturbations is enhanced
at high energies.
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I. INTRODUCTION
The idea that there may exist large extra dimensions,
inspired by recent developments in M/string-theory, has
recently attracted much attention. This possibility arises
when one assumes that ordinary matter is confined to a
brane, our ‘Universe’, within a higher-dimensional space-
time. In this spirit, Randall and Sundrum [1] proposed
a five-dimensional model with a curved metric, for which
they showed that the linearized gravitational interaction
behaves effectively as standard four-dimensional gravity
(plus correction terms), even though the fifth dimension
may be large, possibly infinite.
Although appealing, these models have still to be con-
fronted with observations. One line of investigation is
to search for exotic effects in accelerators. Another, to
which the present work belongs, is to explore the con-
sequences of these models in cosmology. The first step,
undertaken during the last year, has been to study the
homogeneous and isotropic cosmologies of brane models,
and to see whether they are compatible with cosmologi-
cal evolution. The next step is to study the cosmological
perturbations and confront them with the increasingly
detailed observations of large scale structure and cosmic
microwave background (CMB) anisotropies.
Cosmological perturbations in brane models are how-
ever more complicated to deal with than in the standard
theory of cosmological perturbations. The general for-
malism has only very recently been investigated [2–6]. In
the present work, our goal is to study the evolution of
gravitational waves, which are not related directly to the
matter perturbations in the brane, and are thus in prin-
ciple easier to study. However, the equation of motion
for gravitational waves is complicated because in general
one must solve a two-variable partial differential equa-
tion, even after decomposition into Fourier modes. In
the Randall-Sundrum (RS) scenario of a Minkowski back-
ground brane, the equation separates and may be solved
exactly [1]. For an expanding background brane, this is
in general no longer possible in coordinates in which the
brane is fixed in the bulk. It turns out, however, that
there is one case where it is possible: de Sitter evolution
on the brane. Thus we are able to make quantitative
predictions about the production and evolution of grav-
itational waves during slow-roll inflation on the brane.
Scalar perturbations in this scenario have been previously
investigated in [7]. As in the non-expanding solutions,
the massless mode is decoupled from the massive modes
and it is possible to avoid contamination of the massless
graviton modes by massive modes on the brane during
slow-roll inflation. If this were not the case, there would
be potentially problematic production of massive gravi-
ton modes during inflation, as pointed out in [2].
II. COSMOLOGICAL TENSOR
PERTURBATIONS
A. Background metric
Before addressing the cosmological perturbations, let
us specify the background five-dimensional spacetime we
are going to use. The metric is of the form
gABdx
AdxB = −n2(t, y)dt2 + a2(t, y)d~x 2 + dy2 , (1)
where xA = (xµ, x5) = (t, xi, y). In the following, a dot
will denote ∂/∂t and a prime ∂/∂y. Note that we have
assumed, for simplicity, that the spatial three-surfaces
are flat. Cosmological solutions can then be obtained [8]
by solving the five-dimensional Einstein equations,
1
GAB ≡ RAB − 12RgAB = κ25TAB , (2)
where RAB is the five-dimensional Ricci tensor and R =
gABRAB its trace. The gravitational constant is related
to the five-dimensional Planck scale, κ25 ≡ 8π/M35 . The
energy-momentum tensor on the right hand side can be
decomposed into
TAB = −κ−25 Λ5δAB + δ(y)SAB , (3)
where we assume there is only a cosmological constant in
the bulk, thus generalizing the RS scenario to cosmology.
The term SAB is the energy-momentum tensor of the
matter localized on the brane (y = 0). Because of the
symmetries of the metric in Eq. (1), this is necessarily of
perfect-fluid form:
SAB = diag (−ρb, pb, pb, pb, 0) , (4)
where the energy density ρb and pressure pb are functions
only of time t. Also, because T 05 = 0, it follows from
Einstein’s equations that(
a˙
n
)′
= 0, (5)
which implies that, if one chooses t to coincide with the
proper time on the brane, one gets
n =
a˙
a˙o
. (6)
The influence of the brane matter on the five-
dimensional metric enters via the junction conditions,
[Kµν ] = −κ25
(
Sµν − 13Sgµν
)
, (7)
where the square brackets denote the ‘jump’ across the
brane ([f ] ≡ f(0+) − f(0−)), and Kµν is the extrinsic
curvature tensor of the brane. This implies for the metric
components [8]
[a′]
ao
= −κ
2
5
3
ρb ,
[n′]
no
=
κ25
3
(3pb + 2ρb) , (8)
where the subscript ‘o’ denotes the value taken on y = 0.
Assuming in addition Z2 symmetry, the jump is then
simply twice the value on one side.
It is then possible to find, using Einstein’s equa-
tions (2), a first integral that is analogous to the Fried-
mann equation, but which reads [9] (see also [10,11])
H2o ≡
a˙2o
a2o
=
Λ5
6
+
κ45
36
ρ2b +
C
a4o
, (9)
where C is an integration constant which can be in-
terpreted as arising from a five-dimensional tidal effect
(see [11,3]). Combining Eq. (9) with the conservation
equation
ρ˙b + 3
a˙o
ao
(ρb + pb) = 0 (10)
implied by Einstein’s equations (2), which is the same as
in standard cosmology, one can obtain the cosmological
evolution in the brane.
In general, the scale factor ao(t), does not follow the
conventional cosmological evolution [8]. However, stan-
dard cosmology can be recovered at low energies [12,9]
in the particular case where the brane is endowed with a
constant tension λ, so that
ρb = ρ+ λ , pb = p− λ .
This allows one (when C = 0) to regain the general rel-
ativistic Friedmann equation from Eq. (9) in the low-
energy limit ρ≪ λ, by identifying
κ24 ≡ 16κ45λ , (11)
where the effective four-dimensional Planck mass is given
by M24 = 8π/κ
2
4. Then Eq. (9) becomes
H2o =
Λ4
3
+
κ24
3
ρ
(
1 +
ρ
2λ
)
+
C
a4o
, (12)
where Λ4 = (Λ5 +
1
6
κ45λ
2)/2. If the brane tension λ is
adjusted so as to compensate for the (negative) bulk cos-
mological constant Λ5 (so that Λ4 = 0), we require
κ25λ =
√
−6Λ5 .
Finally, one can solve for the metric in the bulk, to
get the explicit dependence of the metric on the co-
ordinates y and t [9]. The bulk metric can be shown
to be a Schwarzschild-anti de Sitter solution, where the
Schwarzschild mass parameter is proportional to C [13].
For solutions with C = 0, it follows that the bulk is anti-
de Sitter, and thus conformally flat, while C 6= 0 signals
a non-conformally flat bulk.
B. Tensor perturbations
Linear perturbations in brane cosmology have been
studied very recently [2–6]. In the present work, we will
focus only on gravitational waves (or tensor modes in the
usual terminology in cosmology [14]), and leave aside the
scalar and vector modes. Gravitational waves can prop-
agate independently of the matter content in the uni-
verse, and they are therefore simpler to study. Moreover,
these modes were the first to be investigated in the non-
cosmological (static) case [1].
Following [4], we will thus consider a perturbed metric
of the form
ds2 = −n2dt2 + a2 (δij + Eij) dxidxj + dy2 , (13)
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where Eij is transverse traceless, i.e., ∂iE
ij = 0 and
Eii = 0 (using the metric δij to raise or lower the spa-
tial indices). Note that these tensor perturbations are
automatically gauge-invariant, i.e. are not affected by a
coordinate change to first order.
The equation of motion for the tensor modes is then
obtained from the linear perturbations of Einstein’s equa-
tions. In the bulk, since there is only a cosmological con-
stant, these reduce simply to
δRij =
2
3
Λ5Eij , (14)
which yields the following equation of motion [4]:
1
n2
E¨ +
1
n2
(
3a˙
a
− n˙
n
)
E˙ +
k2
a2
E
−E′′ −
(
3
a′
a
+
n′
n
)
E′ = 0 , (15)
where we have decomposed the general metric perturba-
tion into Fourier modes:
Eij(t, ~x, y) = E(t, y;~k) exp(i~k · ~x) eˆij ,
with eˆij a transverse traceless polarization tensor. We
can rewrite Eq. (15) as
(
a3
n
E˙
)·
+ k2anE − (a3nE′)′ = 0 .
These equations simplify dramatically if n = a and
n˙ = 0 = a˙, which is the RS case, for which the equa-
tion separates and may be solved exactly [1]. For an
expanding background brane, separation is in general no
longer possible in coordinates in which the brane remains
fixed in the bulk. It is always possible (for C = 0) to
write the general solution for linear perturbations about
five-dimensional anti-de Sitter spacetime in a manifestly
static coordinate system [6], but it is non-trivial to im-
pose the boundary conditions at the brane, which is then
moving.
The wave equation (15) is to be solved using the back-
ground form of a(t, y), as given in Ref. [9]. The boundary
condition at the brane follows from the linearly perturbed
junction conditions given in Eq. (7):
E′ij
∣∣∣
y=0+
= π¯ij ,
where π¯ij is the tensor contribution of the anisotropic
stress exerted by matter on the brane, which we will
henceforth assume to be zero. Thus we set
E′|o = 0 . (16)
However, we note that E′′ in Eq. (15) remains nonzero
on the brane, and we need to solve for the y-dependence
of E.
In order to gain further insight, we can expand in the
off-brane direction. Using the boundary conditions in
Eqs. (8) and (16) and taking t as the brane proper time,
we find that
a(t, y) = ao(t)
[
1− 1
6
κ25{ρ(t) + λ}|y|+O(y2)
]
,
n(t, y) = 1 + 1
6
κ25{3p(t) + 2ρ(t)− λ}|y|+O(y2) ,
E(t, y) = Eo(t) +
1
2
E2(t)y
2 + 1
6
E3(t)|y|3 +O(y4) ,
where En(t) = ∂
nE(t, 0+)/∂yn. Then expanding
Eq. (15) order by order yields
E2 = E¨o + 3HoE˙o +
k2
a2o
Eo , (17)
E3 = − 12κ25(ρ+ 3p− 2λ)E2
+ 1
2
κ25(ρ+ p)
[
(5 + 3c2s )HoE˙o + 2
k2
a2o
Eo
]
, (18)
(· · ·) ,
where c2s = p˙/ρ˙. These equations determine the y-
derivatives on the brane of the tensor perturbations, in
terms of Eo. The 5-dimensional bulk equation (15) is
replaced by the infinite sequence of equations (17), (18),
(. . . ), on the brane.
If E2 = 0, i.e., if E
′′ = 0 on the brane, then Eq. (17)
reduces to the standard general relativity equation for
tensor perturbations, generalizing the RS zero-mode [1]
to a cosmological context. Its solution Eo(t) then fixes
En, for n ≥ 3, via the subsequent equations. This shows
that E = Eo(t), where En = 0 for all n ≥ 1, is incon-
sistent in general, since Eo is subject to an infinite chain
of constraints. In general the “zero-mode” is coupled to
the higher-order terms.
However there is one important limit in which the
“zero-mode” remains decoupled. On large scales, where
we can neglect the k2 term, the gravitational wave
equation (15) always admits the homogeneous solution
E(t, y; k → 0) = Eo = constant, which, of course, satis-
fies the boundary condition in Eq. (16). Thus the stan-
dard result from general relativity in four dimensions that
the amplitude of tensor perturbations stays constant on
super-horizon scales remains true in a brane-world cos-
mology∗.
The other case in which terms involving E0 drop out
of Eq. (18) for E3 and all higher En is when ρ + p = 0,
corresponding to de Sitter expansion in the brane, and
we will now consider this case in greater detail.
∗A similar result can be obtained for scalar metric pertur-
bations corresponding to adiabatic density perturbations on
large scales [7,15].
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III. BULK GRAVITONS WITH A DE SITTER
BRANE
A. Separable background
In order to solve for the y-dependence of the bulk gravi-
tons and to study the time-dependence of the perturba-
tions on the brane, we will consider separable solutions
for the bulk metric, i.e., where the scale factor is of the
form
a(t, y) = ao(t)A(y) , A(0) = 1 . (19)
It follows from Eq. (6) that
n = A(y) , (20)
and then the junction conditions in Eq. (8) immediately
require that the stresses on the brane obey the equation
of state pb = −ρb =constant, so that p = −ρ = con-
stant. This is the case for a constant scalar field on the
brane, and it will be a good approximation to a potential-
dominated scalar field rolling slowly down a sufficiently
flat potential [7].
Substituting (19-20) into Einstein’s equations shows
that C = 0, so that the bulk is conformally flat anti de Sit-
ter spacetime. The generalized Friedmann equation (12)
then shows thatHo = constant, so that ao(t) = exp(Hot).
Thus a separable scale factor in the coordinates of Eq. (1)
arises if and only if the induced metric on the brane is
de Sitter (including the RS static case). Solving for the
metric in the bulk then yields [16]
A(y) = cosh(µy)−
[
1 +
ρ
λ
]
sinh(µ|y|) , (21)
where
µ =
κ24
κ25
=
M35
M24
. (22)
Constant-y hypersurfaces correspond to exponentially
expanding de Sitter slices for ρ > 0, giving a dS4 slic-
ing of AdS5. The original RS solution with Minkowski
spacetime on the brane (M4 slicing of AdS5) is recovered
in the limit ρ/λ → 0, when A → exp(−µ|y|). At very
high energies, ρ ≫ λ, deviations from the RS solution
will be significant.
The y-dependence of the scale factor can be conve-
niently rewritten in the form
A(y) = Ho
µ
sinhµ(yh − |y|) , (23)
where y = ±yh are Cauchy horizons (g00(±yh) = 0) [16],
with
yh =
1
µ
coth−1
(
1 +
ρ
λ
)
. (24)
In the RS model, yh → ∞. It is useful to introduce the
conformal bulk-coordinate z =
∫
dy/A(y):
z = sgn(y)H−1o ln
[
coth 1
2
µ(yh − |y|)
]
. (25)
The Cauchy horizon is now at |z| =∞, and the brane is
located at z = ±zb, with
zb =
1
Ho
sinh−1
Ho
µ
. (26)
The line element, Eq. (1), becomes
ds2 = A2(z) [−dt2 + dz2 + e2Hotd~x 2] , (27)
where
A(z) = Ho
µ sinh(Ho|z|) . (28)
The (t, z) coordinates are well-suited to describing the
causal structure of the bulk inside the Cauchy horizon,
which is conformal to Minkowski spacetime with the re-
gion |z| < zb cut out and the z = ±zb hypersurfaces
identified. (The brane tension generates the discontinu-
ity in the extrinsic curvature either side of z = ±zb.) In
particular this will enable us to treat the bulk gravitons
as perturbations evolving in a 2-D Minkowski spacetime.
B. Separation of perturbation variables
In the dS4 slicing of AdS5, the gravitational wave equa-
tion (15) reduces to
E¨ + 3HoE˙ +
k2
a2o
E = A2E′′ + 4AA′E′ , (29)
which can then be separated into eigenmodes of the time-
dependent equation on the brane and the off-brane equa-
tion:
E(t, y;~k) =
∫
dmϕm(t;~k)Em(y) ,
where
ϕ¨m + 3Hoϕ˙m +
[
m2 +
k2
a2o
]
ϕm = 0 , (30)
E ′′m + 4
A′
A E
′
m +
m2
A2 Em = 0 . (31)
We recover the RS solutions in the limit Ho → 0, ρ→ 0,
in which case ϕm = exp(±iωt), with ω2 = k2 +m2, and
Em can be given in terms of Bessel functions of order
2 [1].
For Ho > 0, the time-dependent function ϕm(t;~k)
obeys the wave equation (30) for a massive scalar field in
de Sitter 4-spacetime. If we write um = aoϕm and work
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in terms of the conformal time η = −1/(aoHo), the wave
equation can be rewritten as
d2um
dη2
+
[
k2 − 2− (m
2/H2o )
η2
]
um = 0 ,
whose general solution is given by
um(η;~k) =
√
−kη Bν(−kη) , ν2 = 9
4
− m
2
H2o
,
where Bν is a linear combination of Bessel functions of
order ν. The solutions oscillate at early-times/small-
scales for all m, with an approximately constant ampli-
tude while they remain within the de Sitter event horizon
(k ≫ aoHo). ‘Heavy modes’, with m > 32Ho, continue to
oscillate as they are stretched to super-horizon scales, but
their amplitude rapidly decays away, |u2m| ∝ a−3o . But for
‘light modes’ with m < 3
2
Ho, the perturbations become
over-damped at late-times/large-scales (k ≪ aoHo), and
decay more slowly: |u2m| ∝ a2ν−3o . In particular the zero-
mode, ϕo, approaches a constant value at late times.
The general solution for the y-dependence of the zero-
mode (m = 0) in a de Sitter cosmology is
Eo = C1+C2sgn(y) cothµ(yh−|y|)
[
3− coth2 µ(yh − |y|)
]
,
where Ca are constants to be determined by the bound-
ary conditions. The junction condition in Eq. (16) re-
quires C2 = 0, and thus Eo = constant. The metric
perturbation in Eq. (13) for the zero-mode is then given
by
hij(t, ~x, y) = a
2
o(t)A2(y)Eij(t, ~x, y) ,
= C1 e
2Hot ϕo(t) exp(i~k · ~x)A2(y) eˆij , (32)
where A(y) is given by Eq. (21). Thus the bulk depen-
dence of this mode is the same as that found by Randall
and Sundrum [1] for a Minkowski brane, with hij de-
caying away from the brane proportional to the ‘warp
factor’, A2, which for the RS brane (Ho → 0) is given by
A2 = e−2µ|y|.
Introducing the conformal bulk coordinate z, given
in Eq. (25), and defining Ψm ≡ A3/2Em, it is possible
to rewrite the off-brane equation in the Schro¨dinger-like
form
d2Ψm
dz2
− VΨm = −m2Ψm , (33)
where
V (z) = 15
4
µ2A2(z) + 9
4
H2o − 3µ
[
1 +
ρ
λ
]
δ(z − zb) ,
=
15H2o
4 sinh2(Hoz)
+ 9
4
H2o − 3µ
[
1 +
ρ
λ
]
δ(z − zb) . (34)
In the RS limit, ρ → 0 and Ho → 0, so that A2 →
[1 + µ(|z| − zb)]−2. The effect in the off-brane equa-
tion of introducing curvature (expansion) on the brane
is two-fold. Firstly it changes the form of A(z), so that
it is no longer possible to obtain closed form solutions
for the Kaluza-Klein (KK) modes for arbitrary m; how-
ever, the qualitative behaviour of A(z) remains the same,
i.e., a cusp at the brane, dying off monotonically to 0 as
z →∞. The second effect is more important, and is the
introduction of a constant term into V , so that V > 0
at infinity. This can be treated as a shift in the effective
mass-squared:
m2 → mˆ2 = m2 −m2c , mc = 32Ho .
For m > mc, the KK modes for a de Sitter brane corre-
spond qualitatively to those for a flat brane, asymptoti-
cally approaching sinusoidal functions Ψm ∼ exp(imˆ|z|)
as |z| → ∞, but with the reduced effective mass, mˆ.
For m < mc, the effective mass of the free field at in-
finity becomes negative, signalling an instability, and in
general these modes will diverge at infinity and thus be
non-normalizable. As remarked earlier, the zero-mode
(m = 0) remains finite (and normalizable) due to the
boundary condition at the brane.
IV. QUANTUM FLUCTUATIONS ON THE
BRANE
A full treatment of the spectrum of graviton fluctua-
tions generated by de Sitter inflation on the brane re-
quires a physical prescription for the boundary condi-
tion on the Cauchy horizon at past null infinity, which in
turn requires a quantum cosmological extension, as con-
sidered, for instance, in Refs. [17,18]. However we can
gain some insight by simply treating each mode ϕm as
a quantum field in four-dimensions with time-dependent
potential, as is done in conventional 4-D inflation models,
where we demand that the fields are in their adiabatic
vacuum state at early-times/small-scales (k ≫ aoHo)
well within the horizon. The extra subtlety in our 5-
D model comes from determining the orthonormal basis
for the y-dependent functions and from the need to de-
termine which of these eigenmodes to include.
As in Ref. [1], we will require that the modes be nor-
malizable in the measure dz, i.e.,
2
∫ zr
zb
|Ψ2m|dz = 1 , (35)
where z is the canonical coordinate for the Schro¨dinger-
like Eq. (33), zb is the position of our brane and zr is
the position of a ‘regulator brane’ [1]. This restricts the
allowed values of m to the discrete mode m = 0, and a
discrete spectrum of modes with m such that the bound-
ary condition, E′ = 0, also holds at zr [1]. As zr →∞ this
discrete spectrum approaches a continuum of states for
m > mc. The normalization for the continuum modes
is principally determined by the asymptotic sinusoidal
5
form Ψm ∼ exp(imˆ|z|) as |z| → ∞. However, since
the time-dependent fields ϕm are heavy during inflation
for m > mc, these modes remain in the vacuum state.
Because the amplitude of these long-wavelength modes
decays, their power spectrum is strongly suppressed on
super-horizon scales (k ≪ aoHo).
Normalizing the zero-mode, Ψo = C1A3/2, requires
2
∫ ∞
zb
|Ψ2o|dz = 2
∫ yh
0
C21A2dy = 1 , (36)
which gives
C1 =
√
µ F (Ho/µ) ,
where
F (x) =
{√
1 + x2 − x2 ln
[
1
x
+
√
1 +
1
x2
]}−1/2
. (37)
At low energies, i.e., H0 ≪ µ or ρ ≪ λ, we have F ≈ 1,
and recover the RS normalization C21 → µ. But as the
Hubble rate, and thus the energy-scale, of inflation rises,
the value of |z| at the brane increases and the integral in
Eq. (36) is over a smaller interval, so that the normaliza-
tion constant, and hence the amplitude of the normalized
zero-mode at the brane, grows. For Ho ≫ µ, or ρ ≫ λ,
we obtain
C1 ≈ √µ
√
3Ho
2µ
≫ √µ .
The second-order effective action for tensor perturba-
tions is
Sg =
1
8κ25
∫
dt d3~x dy na3
×
[
1
n2
E˙ijE˙
ij − 1
a2
∂ℓEij∂
ℓEij − E′ijEij ′
]
. (38)
For the zero-mode, given in Eq. (32) we can integrate over
the bulk coordinate y, using the normalization given by
Eq. (36), and this gives
Sg =
1
8κ25
∑
+,×
∫
dη d3~k a2o
[(
dϕo
dη
)2
+ k2ϕo
2
]
,
where we have also integrated over all three-dimensional
Fourier modes and summed the two polarization states.
This has the standard form for a massless graviton in
four-dimensional cosmology [19,20], apart from the over-
all factor 1/8κ25 instead of 1/8κ
2
4. It follows that quantum
fluctuations in each polarization, ϕo, have an amplitude
of 2κ5(Ho/2π) on super-horizon scales. Quantum fluctu-
ations on the brane at y = 0, where Eo = C1, thus have
the typical amplitude
〈ϕ¯ 2o 〉1/2 = C1〈ϕo2〉1/2 = 2κ4
(
Ho
2π
)
F (Ho/µ) , (39)
on super-horizon scales, where F (Ho/µ) is given by
Eq. (37).
At low energies (H0 ≪ µ), we have F ≈ 1, and we
recover the standard four-dimensional result for gravi-
tational waves produced during inflation [20]. At high
energies (H0 ≫ µ), we have F ≈
√
3H0/2µ, so that
〈ϕ¯ 2o 〉1/2 ≈ 2κ4
(
Ho
2π
)√
3Ho
2µ
. (40)
The amplitude of gravitational waves produced during
inflation at high-energies is thus much greater than the
standard result in four-dimensional general relativity.
We are thus able to calculate the primordial spectrum
of gravitational wave perturbations produced by a period
of slow-roll inflation, modelled as quasi-de Sitter expan-
sion on the brane.
V. CONCLUSIONS
We have discussed the evolution of gravitational wave
(tensor-type) perturbations in a cosmological brane-
world scenario. In general the evolution of the metric
perturbations on the brane is coupled to the evolution
in the bulk, and it is not in general possible to sepa-
rate a zero-mode corresponding to a massless graviton
on the brane, from the massive states. However we find
two special cases in which it is possible. Firstly on large
scales, where spatial gradients on the brane can be ne-
glected, there is always a zero-mode corresponding to a
homogeneous metric perturbation in the bulk, E =const.
Secondly the equation of motion for the perturbations be-
comes separable (with the brane remaining fixed in the
bulk) in the case of de Sitter inflation on the brane.
Modes are characterized by their eigenvalue, −m2,
which becomes the negative mass-squared of the corre-
sponding four-dimensional fields. We find that there is
a discrete normalizable massless mode, m = 0, as in the
case of a non-expanding brane [1]. There is also a contin-
uum of massive KK modes for m > 3
2
Ho, where Ho is the
brane Hubble rate [17]. This mass gap is a consequence
of the expansion, and may be understood in terms of an
effective temperature of de Sitter spacetime creating a
threshold of excitation as suggested in [17].
During a period of quasi-de Sitter inflation on the
brane, the continuum of heavy modes remains under-
damped and hence these modes are strongly suppressed
on large scales, remaining in their vacuum state. How-
ever the massless mode is over-damped and acquires
a spectrum of classical perturbations on super-horizon
scales. By integrating over the bulk coordinate in the
five-dimensional effective action, we are able to treat
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the light mode as an effective four-dimensional field. At
low energies, the massless mode is confined close to the
brane, and we recover the standard four-dimensional re-
sult that fluctuations in the massless graviton on large
scales are given by the Hawking temperature, Ho/2π.
At higher energies the massless mode extends into the
five-dimensional bulk and the amplitude of fluctuations
on the brane is enhanced compared with the usual four-
dimensional result.
Inflation at high energy scales thus enhances the am-
plitude of super-horizon tensor perturbations that can
contribute to CMB anisotropies on large angular scales.
However, the amplitude of scalar perturbations is also
enhanced at high energies, as shown in [7]. While at low
energies we recover the standard result that the ratio of
tensor to scalar modes is given by the slow-roll parameter
ǫ =M24V
′2/(16πV 2) (where V is the slow-roll potential),
at high energies this ratio becomes†
A2
t
A2
s
= 6ǫ
(
λ
ρ
)
,
where λ is the constant brane tension and ρ the inflaton
energy density (see [20] for the precise definition of At
and As). Thus the relative contribution of gravitational
waves to the CMB anisotropies is suppressed for inflation
at energy scales ρ≫ λ.
Having been stretched beyond the horizon during in-
flation, the massless mode remains constant until hori-
zon re-entry during the subsequent radiation and matter-
dominated eras. We have shown that there is al-
ways a zero-mode solution, on sufficiently large scales
(k/aoHo → 0) with Eo(y) = constant, ϕo = constant. At
re-entry the expansion is no longer quasi-de Sitter, and
the massless mode can no longer be decoupled from mas-
sive graviton modes. It remains to be seen whether any
significant mixing between the massless zero-mode and
the massive states occurs at horizon entry. This could
lead to very interesting effects if the lightest continuum
modes have a mass of order the Hubble scale (as is the
case during de Sitter expansion), which would lead to a
form of weakly interacting (gravitationally coupled) dark
matter with a very light mass. It is intriguing to note
a recent discussion [21] of the possibility of solving the
problem of excess small-scale structure in the cores of
galaxies, by hypothesizing that the dark matter has a
very small mass, of order the present Hubble scale.
†This corrects the high-energy limit of the result given in
Eq. (24) of Ref. [7], where the amplitude of gravitational
waves was assumed to be the same as the 4-D result, lead-
ing to an even smaller ratio at high energies.
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